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Abstract. This paper deals with the Klein-Gordon equation on the Poincare chart of the 5- 
dimensional Anti-de Sitter universe. When the mass fi is larger than — |, the Cauchy problem is 
well posed despite the loss of global hyperbolicity due to the time-like horizon. We express the finite 
energy solutions in the form of a continuous Kaluza-Klein tower and we deduce a uniform decay as 
t | - 2 . We investigate the case fi — - ~ 1 , v £ N* , which encompasses the gravitational fluctuations, 
v — 4, and the electromagnetic waves, v = 2. The propagation of the wave front set shows that the 

£SJ . horizon acts like a perfect mirror. We establish that the smooth solutions decay as | t \~ 2 ~V> J -+i 5 

and we get global L p estimates of Strichartz type. When v is even, there appears a lacuna and the 
equipartition of the energy occurs at finite time for the compactly supported initial data, although 
the Huygens principle fails. We adress the cosmological model of the negative tension Minkowski 
brane, on which a Robin boundary condition is imposed. We prove the hyperbolic mixed problem 
is well-posed and the normalizable solutions can be expanded into a discrete Kaluza-Klein tower. 
We establish some L 2 — L°° estimates in suitable weighted Sobolev spaces. 
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I. Introduction 



The Anti-de-Sitter space-time AdS n+ , is the unique n + 1-dimensional maximally symmetric 
t— i . solution without singularity, of the Einstein equations in the vacuum, with a negative cosmological 
constant (see the Appendix for a brief presentation). The recent surge of interest about AdS 5 came 
from the hope to construct a quantum gravity from a string theory. This dream has aroused a 
, huge literature by the physicists, but there are few mathematical works dealing with the PDE of 
i—i ' the fields theory in this geometrical framework. The problems arising in the context of AdS n+1 are 
somewhat unusual because of the crucial property of this lorentzian manifold : the loss of global 
hyperbolicity due to the existence of a time-like horizon. There are also closed time-like curves, 
but this unpleasant property disappears when we consider the universal covering CAdS n+1 , hence 
the main issue consists in understanding the role of the horizon in the existence, the uniqueness, 
and the qualitative properties of the solutions of the wave equations. We have investigated the 
Dirac system in CAdS 4 in [4] and the wave equations associated to each spherical harmonics of 
^ ! the scalar /electromagnetic/gravitational fluctuations on the whole CAdS n+l has been studied by 
A. Ishibashi and R. M. Wald [15]. The scalar waves on CAdS 4 were discussed in [3] and [8]. 

In this paper we consider the Klein-Gordon equation in the Poincare patch of AdS 5 . It is a 
strictly included subdomain V of AdS 5 that plays a fundamental role in brane cosmology (see e.g. 
[19]). This manifold is defined by 



(1.1) ?:=M ( x4x]0,oo[ 2 , g^dx" = [ — J (dt 2 - cfoc 2 - dz 
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The boundary of this universe, that is located at z = 0, is time-like and we can see that many null 
geodesies hit this horizon, so V is not globally hyperbolic. The main aim of this paper consists 
in the understanding of the role of this horizon related to the propagation of the fields and their 
asymptotic behaviours. An important motivation for our work is the study of the gravitational 
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waves in this geometry that are some fluctuations Uij of the metric AdS 5 

ds 2 = {^^j (dt 2 - (5ij + u ij )dx i dx j - dz 2 ^j . 

They are solutions of the linearized Einstein equations, which are simply reduced to the D'Alembertian 
in AdS 5 

U q u = 0, := ~^=^~ (\l\g\tf w -S- 
More generally, we consider the Klein-Gordon equation 

(1.2) U g u + Xk 2 u = 0, 

with A G R. In fact this equation is a master equation that appears for other fields : for the 

3 

scalar fields, A is the mass, for the vector electromagnetic fields A = —3. If we put <3? =: z^^u 
and jJL := ^ + A, the equation (1.2) on V takes the very simple form of the free wave equation on 
the 1+4-dimensional half Minkowski space-time Rt x R^xJO, oo[ z , pertubed by a singular cartesian 
potential j?: 

(1.3) (d 2 ~^-d 2 z +^y= o. 

Since V is not globally hyperbolic, the well-posedness of the Cauchy problem is doubtful and 
the question arises of the necessity to impose some boundary condition on the time-like horizon. 
Nevertheless, we can establish that no time-like geodesic hits this boundary, therefore we may hope 
that the Cauchy problem is well-posed for the wave equations when the mass of the field is large 
enough. In the following part, we show that this is indeed the case when \i > — \ (i.e. A > —4), 
and there exists a unique solution of the initial value problem when the natural energy associated 
with (1.3) is finite. In fact this constraint is equivalent to the Dirichlet condition on the horizon. 
We also prove that the solutions are a superposition of a continuum Klein-Gordon fields (the so 
called Kaluza-Klein tower). We deduce that the smooth solutions decay uniformly as | t |~2 and 

behave near the horizon as z^^v^+i . 

In part 3, we obtain more precise properties when the mass fi has the form H= ^fi, v € N*. 
In this case (1.3) is closely linked with the wave equation in a higher dimension Minkowski space. 
This spectrum of mass includes the gravitational waves (fi = ^), and the electromagnetic waves 
(A* = f )• The Huygens principle fails for (1.3), but a lacuna appears, and the equipartition of the 
energy occurs at finite time for the compactly supported data, when v is even. Moreover for all 
v, the horizon acts like a perfect miror : the singularities are reflected according to the Descartes 

law. We prove a strong decay of the smooth solutions that behave as | t \ ' 

establish also global L p space-time estimates of Strichartz type in weighted spaces for the finite 
energy solutions. 

In the fourth part, we adress the cosmological problem of the Minkowski brane (see e.g. [19]). 
This brane is just the submanifold R^ x R^ x {z = 1}. In [5] we have developed a complete analysis 
of the gravitational fluctuations for the positive-tension Minkowski brane that is the boundary 
of Rj x RxX]l,oo[ 2 . In this paper, we investigate the Klein-Gordon equation for the negative- 
tension Minkowski brane considered as the part z = 1 of the boundary of the Anti-de Sitter bulk 
B := Rt xR^xJO, l[ z . The dynamics of the field is given by the equation (1.3) in B and the Neumann 
condition on the brane, d z u = 0, that is equivalent to 

(1.4) 0*$(t,x,l) + !$(t,x,l) = O. 

We solve the mixed problem and expand the normalizable solutions in the form of a discrete Kaluza- 
Klein tower ; this result provides a rigorous functional framework to the expansions of the physicists. 
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We establish some L 2 — L°° estimates that express that the smooth fields decay as t ?z 2 
again. Finally a short appendix presents the basics elements of the AdS 5 brane cosmology. 

II. Finite energy solutions on AdS 5 

In this part we investigate the finite energy solutions of the Klein-Gordon equation (1.3) where 
H is a real number satisfying 

(HI) -J<M- 

We shall see that this constraint is natural to assure the positivity of the energy that is the formally 
conserved quantity associated with the equation (1.3) : 

(11.2) E($, t) := [ [°° I V t)X ,*$(t, x, z) | 2 +4 I $(t, x, z) | 2 d*dz 

JM. 3 JO Z 

The solutions <I> of (1.3) such that for all time t 

(11.3) < E($,t) < 00 

are called finite energy solutions. We prove that under this constraint, i.e. in a suitable functional 
framework, there is a unique dynamics associated to equation (1.3). 

To ensure that the energy (II. 2) is finite, it is natural to impose that for all fixed time t, 
$(t,.) belongs to fl^R^O, l[ z ). Since $(t, .) G C°([0, 1] 2 ; fli (R3)), the constraint ±$(t, .) G 
L 2 (Mx x ]0) l[z) implies that $(t,x, 0) = 0. Hence the finiteness of the energy implicitely requires 
the Dirichlet condition on the time-like horizon z = of the anti-de Sitter space-time. Now we 
construct the functional framework associated to the energy. Following J. Deny and J-L. Lions [10], 
given an open set O C R^ and a Hilbert space X, we introduce the Beppo Levi space BL\(Q,;X) 
(respectively BL l (TL;X)) as the completion of the space of the test functions Cq*(Q;X) (respec- 
tively Cq°(J7; .X")) for the norm ||V.|| L 2(q ; x) (and we omit X when X = C). When N > 3 these 
spaces are sets of distributions and we have 

(H.4) / n ^WIi (fa <_l_ p / n|V ^,| i(fe 
and also 

(11.5) BLl(Q) C L—(n,dz). 
Thanks to the Hardy inequality 

(11.6) V0€C5°(]O,oo[;X), VA>0, f <XCR ' dz < 4 [* \<f>(z)\ 2 x dz 

Jo z Jo x Jo 

we see that for all (f> G BL^R^xJO, oo[ z ), we have : 

(11.7) / f°° I 9 z 0(x, z) | 2 + 4 I <Mx, z) | 2 dxdz < (1 + 4 U I) / /°° | 9^(x, z) | 2 dxdz 
JR3 jo z 2 Jr3 Jo 

and when — \ < fi < 

(11.8) (1 + 4/x) / /°° I d z </>(x, z) | 2 dxdz < / /°° I d z ^(x, z) | 2 +4 I 0(x, z) | 2 dxdz 

it 3 JO JR 3 JO ^ 

hence (II. 3) is satisfied by the solutions <I> of (1.3) such that 

(11.9) $G C7 (M t;J BLj(M3 x ]o,cx)[ 2 )) , G C° (R t ; L 2 (r* x]0, oo[ 2 )) . 
In the sequel, BL\ (R^xJO, oo[ 2 ) is endowed with the norm 

(11.10) ||$||| L1 := / /°° I V x , z $(x, z) | 2 +4 I $(x, z) | 2 dxdz. 

JR3J0 2 
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It will be useful to note that 

r poo 

(iui) i*®»i-LL i v ^ x - 3 »i 2+ 



8,«(X,*) + ^*(X,2) 



dxdz, 



with 
(11.12) 



U± = -\±\l [1+ -:■ 



We are ready to state the result of existence of the finite energy solutions. 

Theorem II. 1. For any \i > —\, given $ G BLq (E|x]0, oo[ z ) and $i G L? (E|x]0, oo[ z ) ; t/iere 
exists a unique solution <I> o/ satisfying (II. 9) and the Cauchy condition 

(11.13) $(0,x,z) = $ (x,z), d t $(0,x,z)) = $i(x,z), (x,z) Gl 3 x]0,oo[. 
Moreover the energy (II. 2) is conserved : 

(11.14) Vt G M, £($, t) = 0), 

and z/<I>o(x,z) = 3>i(x, z) = u>/ien | x |> i? or \ z |> i? ; then <E>(i, x, z) = w/ien | x |> i?+ | i | 
or | z |> R+ \t\. 

Proof of Theoremll.l. We introduce the densely defined operator on BLq (E^xJO, oo[ z ) xL 2 (E^xJO, 
given by 



Aq 



1 

A x + dl -4 o 



Dom(A ) = C °° (E3x]0,oo[ 2 ) x C °° (r3 x ] ,oo[,) . 



Aq is obviously symmetric. Now we prove that it is essentially self-adjoint. We easily show that its 
adjoint Aq is defined by 

A *° := \ ( A x + d 2 z - $ ) ' Dom ( A o) = {*o G BLj; -A X)Z $ + G £ 2 } x # \ 

where Hq = BLq n L 2 is the usual Sobolev space. We consider ($q ,$f) G ifer^o ± i). Then 
$^ = G ^ and 



-A X)2 + ^ + 1 

z 2 



Since i-> A X;2 and >->■ -^0 are bounded from (E|x]0, oo[ z ) to its dual space H 1 (E|x]0, oo[ 2 ), 
we deduce that 



l*o Ilka + ll*o Hi* 



-A x , z + ^ + l 



= o, 



hence we conclude that ^ = and Aq is essentially self-adjoint. If A is its unique self-adjoint 
extension, $(i, .) given by ($(i), e^$(t)) = e iL4 ($ , $i) satisfies (1.3), (II. 9), (11.13) and (11.14). 
The uniqueness is established by a classical way. Given a solution <I> of (1.3), (II. 9), (11.13), we 
put for all e > 0, $ e (t) = ± // +£ $(r)dr. Then $ £ G C^K^BLj) and d t $ £ G C^R^L 2 ). Then 
t i-)- E($ £ ,t) is C 1 and we have 



s S(*.,t) = 2Si 



^ " Ax, + | 



o. 



We get £($ e ,t) = E($ e ,0). Since $ £ -»■ $ in C°(E t ;BL^) and <9 t $ £ -»■ in C°(E t ;L 2 ) as 
e — > 0, we conclude that (11.14) is satisfied by <&. Finally we establish the result of finite velocity 
propagation by the usual way. For a sake of simplicity, we assume the field is real valued. Given 
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Ri, R 2 > 0, T > 0, x G R 3 , and z G R such that | x |> i?i + T, | z |> i? 2 + ?\ we integrate the 
Pointing vector 

/ | V t , x $(i,x,z) | 2 + |d^(i,x,z) + ^$(i,x,z)| 2 \ 
~t(t, x, z) := -2d t $(i, x, z)V x $(t, x, z) 

\ -2d t $(i,x,z)(<9,$(t,x,z) + ^$(i,x,z)) / 

on the domain {(i, x, z); < t < T, | x — xo |< Ri + T — t, \ z — zq \< R 2 + T — t}. Since Vt )X;2 - ~p = 
0, we get the control of the local energy : 

/ / I V t , x $(T,x,z) | 2 + 



d z $(T,x,z) + ?±$(T,x,z) 



dxdz 



< / / I V tjX $(0,x,z) | 2 + 



<9 2 $(0,x,z) + ^$(0,x,z) 



dxdz, 



and the result of finite velocity propagation is a straightforward consequence of this estimate. 

Q.E.D. 

In brane cosmology it is important to express the fields propagating in the Anti-de Sitter universe, 
as a superposition of particular solutions with an infinite energy, called the Kaluza-Klein tower, by 
decoupling the variables (t,x) and z, the space variable of depth. 

Theorem II.2. For any <J» G £L^(R 3 x]0, oof), $i G L 2 (R 3 x]0, oo[), i/ie solution $ o/ (/.Sj, (77.P,) 
and (11.13) can be expressed as 

<l>(i,x,z) = lim / 4> m {t, ^)\/mzJ\(mz)dm in C° (R t ; BL\ (R 3 x]0, 

M^ooJq ' V V // 

M 



(11.15) 



d t $(i,x,z) = lim / d t (t) m {t,K)^/mz~Jx{mz)dm in C° (R t ; L 2 (R 3 x]0, oof)) , 
where 
(11.16) 

and /or any T > 



(11.17) 



L 2 (]0,oo[ ro ;C ([-r,2l t ;BL 1 (r 3 ))) n L 2 oc (]0, oo[ m ; C° ([-T, T] t ; tf 1 (r 3 ))) , 



G L 2 (]0, oo[ m ; C° ([-T, T] t ; L 2 (l 
is solution for almost all m > 0, o/ 

(11.18) dl4> m - A x m + m 2 (j) m = 0, * G R, x G R 3 . 
Moreover, 

POO 

(11.19) || $ HblJ + II $ i Hi 2= / II V t , x m (t) ||i a(RS) +m 2 || ^(t) || 2 2(M3) dm. 

J 



Proof of Theorem II. 2. We shall use some results on the Sturm-Liouville theory (see e.g. [20], 
[23], [24]). Given \i > — j, we consider the Bessel operator 



(11.20) P„ := + fl, 



d 2 , ^ 
' z 2 
and we put 

(11.21) ®(n) := [u G L 2 (]0, oo[); P M n G L 2 (]0, oo[)} . 
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We introduce the densely denned operator h M on L 2 (]0, oof) defined by 

(11.22) Dom(h M ) = S) (/i) := n fl^QO, oo[), G Dom(h )U ) h M n = P^u. 
The Hardy inequality assures that 

(11.23) 2)o(a0 = G S>(m); «'> G ^ 2 (]0, oo[)} . 

It is easy to prove that h M is a positive symmetric operator on L 2 (]0, oof) and the variational method 
shows that Ran(h^ + 1) = L 2 (]0, oo[), hence is self-adjoint. In fact, according to [16], [21], 
is just the Friedrichs extension of the differential operator P M and 

(11.24) Mu G 2)o(a0, lim z~^ +x u(z) = lim z? +x u'(z) = 0. 

When a > | (i.e. A > 1), P M is essentially self-adjoint on Cq°(]0, oo[) and So(m) = 2)(/x). When 
/i g] — |[ (i.e. A g]0, 1[), P m is in the limit-circle case at the origin, singular for u / 0, and all the 
self-adjoint extensions h w , are characterized by a boundary condition at z = associated to any 
w 6 D \ 3d : Z)om(h tJ ) = ju G 2); lim 2 ^ + ~~ = o}- As regards the Friedrichs extension 
h^, the following sharpened asymptotics are established in [11] for u G Dom(h^) : 

(11.25) lim z-^- x u{z) = K x {u) := u(l) + ^ i -2 *" 1 ( f z x+ W u (z)dz] dt, 
2^0+ Jo \Jo J 

(11.26) lim z^- x u'(z) = ( A + -) K x {u), lim = 0. 

2->0+ V 2/ Z-S-0+ 

The spectral representation is given by the Hankel transform of u G L 2 (]0, oof), 

f R 

(11.27) H A it(m) := lim iffu in L 2 (]0, oo[ m , dm) , H x u(m) := / \JmzJ\{mz)u(z)dz. 

a ■ x Jo 

It is a well known result that for any A > 0, Ha is an involutive isometry from L 2 (]0, oo[ z , dz) onto 
L 2 (]0,oo[ m ,dm) ([24], Theorem 129 with »(s) = 2 a "g ffi* + f A > -1) : 

(11.28) u(z) = lim iff \K x u] (z) in L 2 (]0,oo[ z ,dz) , H x v(z) : = / y/rnzJ\(mz)v(rn)dm. 

R-too ' Jo 

More generally, for any u G L 2 (R^.x]0, oo[ z ) the Fubini theorem implies that 

|| u - Iff [H A u] ||i a( B3 x]0) oo[,) = ^ 3 II u ( x > •) - [H A u(x, .)] ||£ a(]0)OoU) dx, 

and since || u(x, .) — H R [H A u(x, .)] || 2 2(] oo[ )— ^ II u ( x ' ■) lli 2 (]o oo[ )' we deduce from (11.28) an the 
dominated convergence theorem that 

u(x,z)= lim H x [H A u(x, .)] (z) in L 2 (]E^x]0, oo[ z ) . 

R— >oo V ' 

Furthermore, since and H A are isometric, this limit is uniform on the compacts of I? (M.^ x]0, oo[ z ) , 
hence we conclude that for any u G C° (R t ; L 2 x]0, oo[ z )) we have 

(11.29) u(t,x,z)= lim [R x u(t,x, .)] (z) in C° (R t ; L 2 (r£ x]0, oo[ z )) . 

Finally for -u G Dom(h^) we have for all m > 

(11.30) H A h M n(m) = m 2 H A n(m). 

This property is easily obtained with an integration by part by using the asymptotic behaviours at 
the origin (11.25), (11.26). and the equality 

(11.31) P M (yJmzJ x (mz)) = m 2 ^mzJ\(mz), < m, < z. 
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We are now ready to apply these properties to prove the theorem. Given t 6 1, for almost all 
x G R 3 , the map z >->■ V x &(t, x, z) belongs to L 2 (R+). Thus for almost all m > we can introduce 

m (t,x) := H A $(i,x,.)(m), 

that belongs to L 2 (R+ ; ^(R 3 )) . Moreover, since $ £ C° (R t ; L 2 (R+jSL 1 (R x ))) with <9 t <I> G 
C°(Rt;L 2 (]0,oo[ 2 xR 3 )), then 

(11.32) ^GC^M^L^IR+^L 1 ^ 3 ))), ^ m GC7°(lR t ;L 2 (M+;L 2 (M 3 ))), 

therefore (11.15) is established. We also have : 

' <f> m (0, x) = H A ($ (x, .)) (m) G L 2 (r+; BL 1 (r 3 )) , 

(II 33) < 

^ m (0,x) = H A ($!(x, .)) (m) G L 2 (r+;L 2 (r 3 )) . 

Moreover we have 

V t)X $(t,x,*) = H A [V t , x ^ m (t,x)] (z) G C° (R t ;L 2 (R 3 x]0,oc 

hence 

(H.34) r / 

JO JR* 

We remark that for u G ©(h^) we have 



V t)X $(t,x,z) | 2 (tedx = / / | V+ x m (i,x,m) | 2 dmdx. 



=< h^u, u >l 2 (r+) = J |H A ii(m)| m 2 dm. 



This equality can be extended by density into an isometry from the closure of 35 (h^) for the norm as- 
sociated to the first integral, onto L 2 (R+ , m 2 dm). We deduce that m<j) m G C° (R t ; L 2 (R+ ; L 2 (R 3 ))) 
hence with (11.32) 



(11.35) 
and 



Va > 0, m G C° (R t ; L 2 ([a, oo[ m ; F 1 (l 



roo r 

(11.36) / / 

J JR; 



0*$(t,x,z) + — $(t,x,z 



m. 2 | (/> m (t, x, ?n) | 2 dvndx.. 

Jo Jul 



Now (11.19) follows from (11.34) and (11.36). 



Now we establish that m is a finite energy solution of the Klein-Gordon equation for almost 
all m > 0. Thanks to (11.19), we see that the map (3>o,<I>i) ^ {4>mi dt<f>m) is continuous from 
SLi(M 3 x]0,cx)[) x L 2 (R 3 x]0,oo[) to C° (R t ; L 2 (R+ ; ^(R 3 ))) x C° (R t ; L 2 (R+ ; L 2 (R 3 ))), hence 
it is sufficient to prove that 

(11.37) {d 2 - A x + mV, 



in 2?' (R t x R 3 x]0,cx)[ m ) 



for a dense set of initial data. We choose <I>o> $i G Cq°(M 3 x]0, oo[). Then the solution $ of the 
Cauchy problem is compactly supported in space at each time and since A x and — A XiZ + are 
commuting, A x $ is also a finite energy solution, and we have : 



A x $ G C 2 (R t ;L 2 (r 3 x]0,cx)[)) nC 1 (R t ;#"o (r 3 x]0, oo[)) . 



This implies that 



We deduce that 



-d 2 + ^ 

Z 1 9 

z 2 



$ G C° (R t ;L 2 (R 3 x]0,oo[)) 
$GC° (R t ;L 2 (r 3 ;35 ( 
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therefore e/> m belongs to C 1 (R t ; L 2 (R+; ff 1 ^))) x C 2 (R t ; L 2 (R+; L 2 (R 3 ))), and 



(9 2 - A x + m 2 )</> m = H A d t 2 <f - A x ,,$ 



/i 



0. 



It remains to prove that in the general case where ($ ,$i) € BL\ (M 3 x]0, oof) x L 2 (R 3 x]0,oo[), 
4> m belongs to C° (R t ; H 1 (M 3 )) n C 1 (R t ; I? (R 3 ,)) for almost all m > 0. We have established that 
for < a, <£ m G C° (R t ;L 2 ([a, oo[ m ; F 1 (M 3 ))) nC 1 (R t ;L 2 ([a,oo[ m ;L 2 (R 3 ))) is solution of (11.33) 
and (11.37). We have proved in [5], p. 829-830, that this Cauchy problem is well posed in this 
functional framework and the solution belongs to C° (R t ; H 1 (R 3 )) nC 1 (R t ; L 2 (R 3 )) for almost all 
m > 0. 

Q.E.D. 

Since the smooth solutions of the massive Klein-Gordon equation on the 3+1 dimensional 

3 

Minkowski space-time decay as | t |~2, we can use lemma 4.3 of [5] to obtain the same rate of 
decay uniformly for a suitable class of solutions of (1.3). The result above states a L 1 — L°° esti- 
mate of von Wahl type in weighted spaces, in particular the factor z~ A ~2 in the uniform bound 
expresses that the horizon is repulsive. In the next part we establish some more strong properties 
for certain values of the mass, in particular for the gravitational or electromagnetic fluctuations. 

Theorem II. 3. There exists C > such that any finite energy solution <3? of (IS), (11.13) satisfies 
the following estimate with A = \J fi + \, "provided the L 1 norms in the right member are finite : 

(11.38) 



i <&(t, .) 



Il°°(R3 x ]0,oo[ z ) 



< 



C \t I 1 E E II 5 x^IIl1(R3 x]0 ,oo W + 
3=0,1 \a\+j<3 



A + 3-|e»|-j- 



+ 1 



<J> 

^3 



Li(R3 x ]0,ooU) 



Proof of Theorem IIS. It sufficient to consider the case $j G Cq° (R 3 x]0, oo[ z ). Since the Bessel 
function satisfies | J\(x) |< Cx x , we can write 



We have 



rlVl 1 rlVl 1 

J \y/mzJ\(mz)<fi m (t, x)| dm < Cz X+ ^ J m A+ 2 || (j) m (t, .) ||loo( K 3) dm. 

0m(O,x) = <^(x) := / y/mzJ x (mz)^ (x,z)dz, 
Jo 

d t (j) m (0,x) = 0™(x) := / y/mzJx{mz)$i(yL, z)dz. 

Jo 

We remark that for all k G N 

</4(x) = m~ 2fe jf ^m~iJ x {mz) {-d 2 z + $,(x, z)<fe. 



Since s/xJ\(x) G L°°(]0, oo[), we get 



||L 1( M3)<C(l + m) 



-2fc 



with 



l^x^illLl(R3x]0,oo[ z ) + 



+ 4 

z 2 



3 \\oc,k 
k 



The equation (4.4) in [5] assures that 



<t>m{t,.) |U~(ns)< C(l + m | t |) 5 ^ ^ 



m 



3-|a|-i 



L!(IR3x]0,oo[ z ) 
I ^x'Am lli 1 ^!)* 



i=0,l |a|+j<3 
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Then we get 

rM 

/ \y/mzJ\(mz)(j) m (t,x)\dm < 
Jo 



rM . „ 

V V / m A+ 2 +3_ l a l~- ? '(l + m)~ 2fe (l + m\t \)~Mm || $j \\ a k 



1 E E / 

j=0,l\ a \+j<3 J0 

rm 

EE/ m A+2 -H^(l + m)- 2fc dm||^|| Q!fe 



\ j 1 , 3 
Cz A+ 2 t "2 



3 

'■ 1 I 

M 



.7=0,1 |a|+j< 

Since A > 0, it is sufficient to choose A; = j^ A+3 H a l~J j + 1 to assure that 

f°° m A+2 ~l Q l^'(l + m)' 2k dm < oo. 
JO 

We conclude that when the right member of (11.38) is finite, given t G R, the limit (11.15) holds in 
L°° (R 3 x]0, oo[ z ; z~ x ~^dxdz^J and its norm is estimated by (11.38). 



Q.E.D. 



III. The case of the mass /x = ^V^-, veN* 



4 

The equations for the gravitational fluctuations (// = ^) or the electromagnetic perturbations 

(M = |) belong to a large class for which \i = ^f^, v G N*. For these values of /x, the finite 
energy solutions are closely linked to the finite energy solutions of the free wave equation on the 
Minkowski space-time with a higher dimension. The method rests on a very simple observation : we 
can consider the fifth space- like dimension z > 0, as the radial coordinate of some euclidean high- 
dimensional space R^, N > 2, i.e. z =| z |. We denote Y\ m the generalized spherical harmonics 
that form a orthonormal basis of L 2 (S' Ar_1 ) of eigenfunctions of the Laplace-Beltrami operator 
satisfying A S N-iYi jTn = —l(l + N — 2)Y^ m . Here l,m G N and m is bounded by the dimension of the 
space of harmonic homogeneous polynomials of degree I in N variables. Then it is straightforward 
to check that $ G L} oc (R t x R x x ]°> is solution of (1.3) with 

1 / N \ 2 

(HIT) fi = -- + f — + 1 - 1J , Z,iVGN, 0</, 2<iV, 

if and only if 

(111.2) ¥(t, x, z) :=| z r¥ $( tj x , | z |)^, m 
is a solution in L^ oc (r* x R 3 x (m£ \ {0})) of 

(111.3) (a 2 - A x - A z ) * = 0, (t, x, z) G R x R 3 x (R^ \ {0}) . 

Now the crucial point is that when $ is a finite energy solution in AdS 5 , then * is a finite energy 
free wave in the whole Minkowski space-time R< x M%+J*. 

Lemma III.l. Let $ be satisfying (II. 9), a solution of (1.3) where fj, is given by (III.l) for some 
integers N > 3 and I > 0, or N = 2 and I > 1. TTten * defined by (III. 2) satisfies 

(HI.4) * G C° (R t ; 5L 1 (r 3 +^)) , ft* G C° (R t ; L 2 (m 3 +^)) , 

(III.5) - A X)B tf = 0, (t, x, z) G R x R 3+7V . 
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Proof. We introduce the operator 

U hm : C °° (r 3 x]0, oo[ z ) — > Co^ (r 3 x (< \ {0})) , 



(III.6) 



0(x, z) i — >• (n /jm ^) (x, z) : = | z | ^2 1 0( x , | z |)y /jm (j-^j ) 



It is clear that II^ m can be extended in an isometry from L 2 (R 3 x]0, oo[ 2 ) to L 2 (R^ 7 ^ . Moreover 
we have 

A x , z n Zjm = n ijm (a x + d 2 - £j , 

therefore given (f), 4>' G Cq (R 3 x]0, oo[ z ), we have 



n Jjm ^,nj/ )m /^'^ Bi . 3+jv = - < A XiX Ui jm (/),Ui> jm i<f/ > L 2 (M 3+iV) 

= - < n^ m ( A x + d 2 - ) <j),Uii m i(f>' > L 2( R 3+iV) 
(III.7) / M 

= - < ( + d 2 - J 0) 0' >L 2 (K3 x ] 0i oo[) dl,l'Sm,m> 
= (<t>, 0%Lj(R3x] O ,oo[) ^"W™'' 

where 5 a) fc is the symbol of Kronecker. We conclude that Il/ )m is a continuous linear map from 
£Lj(R 3 x]0, 00 [) to BL 1 (R 3+N ), and also that the map (III.2) is continuous from C°(R t ; BLq-(R 3 x}0, c 
toC°{R t ;BL l (R 3+N )), and from C°(R t ; L 2 (R 3 x]0, oo[)) to C°(R t ; L 2 (R 3+7V )). Hence it is sufficient 
to establish that ^ := II; m $ satisfies (III.4) and (III.5) when $ = $(0, •) and $1 = d t $(0, .) be- 
long to Cq (R 3 x]0, oo[ 2 ) . For such a solution, we consider the solution of the Cauchy problem 
for the wave equation in the 1 + 3 + TV dimensional Minkowski space : 

d 2 $ - A x , z $ = in R]+ 3 + N , HO) = U hm ^ , d t $(0) = n J>m $i. 

We know that <E> G C°°(Rt; Cq°(R 3 ^ x n )) and the proof will be achieved if we prove that V is equal 
to We denote TF l m the adjoint of H >m , defined for ^ G £ 2 oc (R x x R^) by 

u tm^{^, z) := / ^(x,*i;)Yj m (fc7)£fti;. 

For all (f> G L 2 (R 3 x]0, oo[ 2 ) and all tp G L 2 oc (r 3 x R^) , we have 



moreover we can see from (III. 7) that for tp G Cg° (R 3 x ^R^ \ {0})) i we have 

|2 

ISLj(R3x]0,ooU) • 



X z 



Furthermore if ijj G (r 3 x (r^ \ {0})) and G Cg°(R), 0(z) = 1 for all | z |< 1, we can easily 
check that if N > 3, (1 - 0(n | z |)^(x,z)) tends to tp in BL 1 (R 3 x Rf ) as n ->• 00. We conclude 
that Cq 30 (R 3 x (R^ \ {0})) is dense in BL 1 (R 3 x R^) and Ii* l m can be extended into a bounded 
linear map from BL 1 (R 3 x R^) to BL\ (R 3 x]0, oo[ 2 ). In the case N = 2 and I > 1, m = ±1, we 



remark that 

r 2w 



1 f 

9 2 II* m ^(x, z) = -\fz / (sin Odziipfaz cos 0, z sin 6*) — (cos 03^ 2 ^(x, z cos 0, 2 sin0)) e tmW d9, 
I Jo 
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hence U^tp G BL 1 (R 3 x]0, oo[ z ) and since II^ m ^(x, 0) — 0, II* m can be extended into a bounded 
linear map from BL 1 (R x x ^z) to BL\ (R 3 x]0, oo[ 2 ) again. Therefore we can put F(t, x, z) := 
II,* m $(t,x,z). We remark that F G C°(M t ; PLj(R x x]0, oof^nC 1 ^; L 2 (R 3 x]0, oo[ z )), F(0, x, z) = 
<&o(x, z), 9 t F(0, x, z) = $i(x, z). Thus F satisfies (II. 9) and (11.13). Now we calculate 

(d 2 - A x - dl + 4) F(t, x, z)=z^ f (d 2 4> - A x>z $)(t, x, ;jw)Y^(w)dw = 0. 

We conclude that F = <£, and so 

* = ir im F. 

To end the proof we introduce the projector 

P x , m : V G L 2 oc (R 3 x R?) — >• F, m ^(x,z) := ^(x, | z | w)lQw)dw) Y hm 

It satisfies A XiZ P z>m = P, m A x , z on C£°(R 3+iV ). Thus P^d G C°°(R t ; C^ >0 (R x + iV )) is solution of 

OfP^ - A X)Z P,, m $ = in 1^+?+", Pl,mH0) = U ltm ^> , dtPi, m H0) = nj,m*l- 

By uniqueness, we deduce that Pi :7n & = Since n^ m F = Pi :7n &, we finally get * = 4> and that 
achieves the proof. 

For the sake of completeness, we mention another way to obtain this result. We could use the 
expansion (11.15) and show that (df — A XjZ ) <f> m (t,x) | z |~T +1 J A (m | z 



= when A = f - 1. 



The crucial fact is that — A z | z | 2 + 1 J x (m | z |) = m 2 | z | 2 + 1 J A (m | z |) in 

Q.P.D. 

With this result, we can easily deduce the properties of the finite energy solutions when \i can 
be expressed by (III. 1) , from the properties of the free waves in the Minkowski space-time. We use 
just the formula 

AT— 1 f 

(111.8) *(t,x,z) = z— _ tf(t,x, zu)Y ltm (u)du, 

J 1 

where ^ is the solution of (III. 4), (III. 5) with 

(111.9) *(o) = n,, m $ , ^t*(o) = n,, m *i. 

The first statement deals with the existence of a lacuna, and also the equipartition of the energy 
at finite time when the initial data is compactly supported and v is even. 

Theorem III. 2. We assume that 

(111.10) /U = n 2 -^, nEN*, 

and $ G P£q(R 3 x]0, oo[), $1 G L 2 (R 3 x]0, oo[) satisfy for some R > 

(111.11) I x | 2 +z 2 <R 2 ^ $ (x, ^) = $i(x, z) = 0. 
Then the finite energy solution $ of (1.3), (II. 9) and (11.13), satisfies 

(111.12) I x | 2 +z 2 < (| t I -F) 2 => $(t, x, z) = 0, 
and for \ t \ > R the potential and kinetic energies are equal : 

(111.13) / [°° I V x M, x, z) I 2 +4 I x, z) I 2 (ixdz = / r° I $$(t,x,z) I 2 dxdz. 
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These properties are somewhat unexpected : the Huygens Principle fails for the equation (1.3) 
since the number of the space dimensions is even and the Hadamard's criterion is not satisfied (see 
[12], Theorem 1.3, p. 231; we also note that (1.3) has the form of the equations considered by K.L 
Stellmacher that are Huygens operators iff the space dimension is odd, [12] chapter V.4). Therefore 
we must not confuse the existence of this lacuna with the Huygens Principle that is a much stronger 
property that is not satisfied in our case. A similar situation occurs for the very simple case of the 
wave equation on the half line, d^u — d^u = 0, z > 0, with the Dirichlet condition u(t, z = 0) = 0. In 
particular, the previous result assures that there exists a lacuna for the finite energy gravitational 
fluctuations, since fi = ^ = 2 2 — |, and the electromagnetic fields since fi = | = l 2 — ^. At our 
knowledge, this property of the gravitational or electromagnetic waves in AdS 5 was not mentioned 
in the literature. To a similar property of "characteristic propagation" in AdS 4 , see [25]. The 
equipartition of the energy at finite time is also rather surprising since it is a well-known result for 
the free waves just for the odd space dimension [6]. 

Proof of Theorem III. 2. These results are direct consequences of (III. 8). We take N = 2(n + 1) 
and I = 0, and to get (III. 12), we invoke the well known Huygens Principle satisfied by the free 

waves *(t, .) := (n ,o$(i, •)) m the Minkowski space-time R t x Rx+ 2(n+1) . To obtain (II.2), we use 
(11.11) with a = n + \ and we check that 

/ I" I Vx,*$(f, x, z) | 2 +4 I *{t, x, z) | 2 - I dt*(t, x, z) | 2 dxdz 

JR 3 JO Z 

= I C2n+1 I / I V x , z *(i,X,z) | 2 - | d t #(t,X,z) | 2 dxdz. 

It is a classical result (Lax-Phillips, Duffin, see e.g. [6]) that the last integral is zero when | t \ > R, 
hence (III. 13) follows. 

Q.E.D. 

Now we prove that the weak Huygens principle holds, that is to say, the singularities are prop- 
agating according to the geometrical optics, in particular, they are reflected by the horizon z = 
with the Descartes law. The following proposition describes the structure of the wave front set 
WF(<&) of a finite energy solution. Since the principal part of the differential operator (1.3) is 
simply the wave equation in the flat space, we know that 

WF($) C {(t,x,z;r,£,C) eRx M 3 x]0, oo[xR xR 3 xl; r 2 =| £ | 2 +C 2 } , 

and we are mainly concerned by the rays (t + At, x — A£, z — AC) AgK CRx ]R 3 x]0, oo[. 

Theorem III. 3. We assume that \x satisfies 

We consider a finite energy solution and 

(t,x,2;T,£,C)€WF($). 
Then for any A G R such that X( / z, we have 

^ + Xt , x - AC, | z - AC \;t,£, |73^ C) G WF(Q). 



In particular, this thorem explains the role of the horizon in the propagation of the finite energy 
gravitational fluctuations [y = 4), and the electromagnetic waves {y = 2) : the boundary of the 
Anti-De Sitter universe is a perfect mirror. Nevertheless, the constraint on the mass is somewhat 
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unsatisfactory, and we could expect that the time-like horizon acts like a perfectly reflecting bound- 
ary for all the fields regardless of their mass. Moreover, we can hope that the time-like horizons of 
the general space-times that are asympotically Anti-de Sitter, have this same property. In a recent 
work, A. Vasy has proved this result for the D'Alembertian [26]. 

Proof of Theorem III. 3. We fix N = v + 2 and we define on R t x R^ x (r% \ {0}) , * (*, x, z) := 
<&(£,x, | z |). We introduce the map f(t,x,z) := (t,x, | z |), hence = 3> o / := /*$ and the 
theorem on the wave front set of a pullback (see e.g. Theorem 8.2.4 in [14]) assures that 

WF(* ) C rWF($) := {(t,x,z; */'(*, x,z)(r,£,C)) ; (t,x,| z \;t,£,0) G 
therefore 

(111.14) W(fo)c{^,x,z;r,^C^|); (t,x, | z |;r,£,0) G WF(*)} . 

We consider also the function g : R t x R^^oo^— * x x (R^ \ {0}) given by g(t,x,z) = 
(t, x, z, ffi Ar-i). We have = <7*^o an d by the same theorem 

WF{S>) C g*(WF(V )) = {(t,x,z;^Ci) ; (t,x, z,0 R ^i;r,£,C) G H^F(M/ )} , 

hence by using (III. 14) we see that £ = (£, k jv-i), and so 

(111.15) WF{>5>) C {(t, x, z; r,£, C) 5 (t, x, z, RJ v-! ; r, £, C, RJ v-i ) G W^F(*o)} . 
We conclude from (III. 14) and (III. 15) that 

(111.16) (i,x,|z|;r,£,C)G WF($) (t, x, z, RJV -i ; r,£, Cy^j, RJ v-i) € WF(tf ) 

JV— 1 

We now consider \I/(i, x,z) :=| z |~ 2 v|/ (i, x, z). We have W-F(\P) = VFF(^o)- Moreover the 
Lemma III. 1 says that ^ is solution of the free wave equation in the whole Minkowski space-time 
Rt x R^ x R^. Then the theorem of the propagation of the singularities (Theorem 8.3.3 in[14]) 
assures that (t, x, z, r n-i ; r,£, Cjfj , r jv-i) G WF(*) iff VA € R, 

(^ + Ar,x-A£,z- AC,0 R iv-i;r,£,C^,0 R iv-i^ G WF(tf). 
Now the result follows from (III. 16). 

Q.E.D. 

We end this part with some results of decay. Such properties are important to investigate the 
possible stability of the space-time with respect to the gravitational fluctuations. The following 
asymptotic behaviours are straightly deduced from the sharp estimates for the free wave equation 
established by P. d'Ancona, V. Georgiev and H. Kubo [2]. It will be useful to introduce some 
weighted Sobolev spaces in the spirit of Y. Choquet-Bruhat and D. Christodoulou [9] to impose 
some constraints at the space infinity and at the horizon z = 0. Given an integer s > and a real 
5, we define the space Hq (R^x]0, oo[ z ) as the completion of Cq° (R^xjO, oo[ z ) for the norm : 

(111.17) ||*||^.,:= £ EE || + ^) (l+ I ^ | 2 +^) £ ^^ c?-^ci> Hl.^^jo^f^ - 

| a |< s k=0 6=0 
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Theorem III. 4. The finite energy solution of (1.3) and (11.13) with fi = lL -^-, v G N*, satisfies 
the following estimates for all e > and all x G M 3 , z > 0, provided the right members are finite : 
(III. 18) 

(l+ | t | + | x | +z+ | t 2 - | x | 2 -z 2 |) 2 | $(i,x,.z) | 

<C(e) 

(1+ | t | + | x | +z)^ +2 z'^ I &(t,x,z) I 

<C(6 



\v+7] v+3_ 



(111.19) 



H, 



+ II $i 



+ II $i 



(111.20) 



(l+\t\ + \x\+z) 



lL 2 (RtxR3 x ]o,oo[ z ) 



< C(e) (|| $o + || $i 11^,1+.) , 



where the constant C(e) is independent o/$o aric ^ ^l- 

These are much stronger than the theorem 11.38, since we get a uniform decay in space of 

-5_ V^+5$(t ) .) as £ _2_ "\/^+3 that increases with the mass, instead of t~2. We can expect that 
this rate of decay is not due to the peculiar form of the mass, and that remains true for any ji > — \. 
These estimates are not optimal with respect to the norms that appear in the right members. The 
functional framework could be improved by introducing Sobolev spaces Hq S with non integer expo- 
nent s by interpolation that could allow also to obtain many other inequalities more precise. This 
work should be useful to investigate the non linear problems arising in the Anti-de Sitter cosmology. 

Proof of Theorem III. 4- It is sufficient to treat the case $o> $i £ Co° (^x x ]0> °°[z)- We consider 
$ defined by (III. 2) with TV = u + 2 and / = and we put *,(x, z) :=| z \~^~ <E>j(x, | z |). We use 
Theorem 1.1 of [2] with n = v + 5 to get with d = 

— -1-2 

(l+ | t | + | x I + I z I + I t 2 - I x | 2 - I z | 2 |) 2 I *(t,x,z) I 

<C(e) 

and with n = 0, 

| *(i,x,z) |< C(e) (1+ | t | + | x | + | z |)-i" 2 
and the Theorem 1.3 of this paper with q = 2, p = — \ — e, a = 0, n = u + 5 assures that 
|| (1+ | t | + | x | + | z || L2(MtXffi 3 xM ^)< C(e) (|| tf + II *i ||ho,i+«) • 

Here the constant C(e) > is independent of and ^i and the H s > norms on 

R 3+N 

are defined 

by: 
(111.21) 



*0 || [ l/ + 7 ],' , + 3 l c + II H^^+S], 



*o ||^ m 



+ II * 



1 "tftWH 



E n(i+ixi 2 + izi 2 ; 



5+\a\ + \P\ 

2 ^ " 2 



|a|+|/9|<« 



L 2 (RlxRf ) 



z| 2 0(x, I z I) 



We can check by iteration on f3 £ N N that for all <fi £ Cq° (M 3 x]0, oo[ z ) , we have 8*8? 

J2 f init e Pc(z) | z |-V-" 9^ z V(x,| z |), with a, 6, c £ N, P c £ R[z], a! P c < c, 6 <| /5 |, c <| /3 |, 
a < I /5 | — b + c. We deduce that there exists K > such that for all (x, z) G M 3+Ar we have 



iV-l 

2 0(x, I z 



< K I z 



JV-1 
2 



Ed 

fe<l/?l 



+ z 



l)|dXV(x,|z 



The Klein-Gordon equation in Anti-de Sitter Cosmology 15 

We conclude that 

JV-l 

(ni.22) llhr~ 0(x,|z|) \\ H s, s <\\<p\\ H s, s 

and the theorem follows from the previous inequalities on \£. 

Q.E.D. 

We end these results on the asymptotic behaviours with some global estimates of Strichartz type. 
We present just the cases for which the energy allows to control the L p -norms. 

Theorem III. 5. The finite energy solution of (1.3) and (11.13) with fi = u2 ^ 1 , v € N*, satisfies 
the following estimate 

(III. 23) || Z ( u+1) (r-2)<f> || L g( Rt . L r (R 3 x]0iOoW) < (|| <J> 1 1 BLj (Rg X ]0,oo [ z ) + || $1 1 1 (Rg X ] 0,00 [ z ) ) 

when 

(IH.24) 2< q , L + "-±± = ?±l, i + ^<^±i. 

q r 2 q 2r 4 

Moreover, if u = 2k, k £ N* , then 
(III. 25) || z^'-l)® ^(^.^(KSxjo^))^ (|| $0 IIblJ(R3x]0,ooU) + II $ 1 IIl 2 (R|x]0,oo[ z )) 

when 

(HI.26) 2<g, - + - = ^, - + -<1, 

g r 2 g r 

and if ^ = 2A; + 1, fceN, then 

(III. 27) || ||i, 9 (R ti i ( r(KS x ]o l ooU))~ (ll $ IIblJ(RSx]0,oo[,) + II $ 1 IIl 2 (R|x]0,ooU)) 

(HI.28) 2<g, ± + *=2, i + A <|. 

q r q 2r 4 

In the case of the gravitational fluctuations, we have ^ = 4 and we can control the weighted 
global L q norms by the energy : 

I' Z ^ llL^(R t xR3x]0,ocU) + " Z Hi 4 (^xK|x]0 lO oU)< (ll $0 IIbL ( 1(R|x]0,oo[ z ) + II $ 1 IIl 2 (RI x]0,oo[ z )) ■ 

For the electromagnetic fluctuations we have v = 2 and 

I' Z ~^® HLTp(R t xH2x]0,oo[,) + " Z H i4 (^ xR Ix]0,°oU)^ (ll $0 llsLj(R3 x]0)O o[,) + II $1 IIl 2 (R3 x]0,«>[ z )) ■ 

Proo/ o/ Theorem III. 5. We recall that the famous Strichartz estimates sharpened in [17], state 
that the finite energy solutions \& of the wave equation on the Minkowski space-time R 1+n belongs 
to Li (R t ;L r (R n )) iff 

1 n n — 2 1 n — 1 n — 1 

ni.29 _ + _= _+ < 

g r 2 g 2r 4 
and this norm is controled by the energy : 

II * ||L9(R t ;Z/-(]Rn))< (ll *(0, .) HbL^R") + II 9^(0,.) ||l 2 (R")) • 

When ^ is given by (III. 2), where N and ji are related by (III.l), we have n = N + 3 and 

n , (N-l)( ---) 

II * llL9(R i ;L''(RJV+3)) = || Yi jTn ||l,r(giv-l)|| z U 2> ® \\L"(mt;L r (R^x]0,oo[ z )): 

II *(0, •) || J BL 1 (R A '+3) = || $0 \\blI(R3 x ]0 >oo [ z ), II 9t*(0, .) ||z,2(RJV+3) = || $i ||l 2 (R3 x ]0,oo[ z ) . 
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We deduce that 

(III. 30) || z (Ar_1) (F _ 2)$ || L9 ( Kt . L 7- (]R 3 x ] 0)OoW );< (j| <J> ||bl1(R3 x ]0,ooU) + II $1 IIl 2 (R3x]0,oo[ z )) • 

(III. 1) allows to choose N and I such that 

v = N + 21 - 2, iV>3 an d / > 0, or N = 2 and / > 1. 

First we choose I = 0, and N = v + 2. Then (111.23) and (111.24) follow from (111.30) and (111.29) 
with n = v + 5. Now when v = 2k, k G N*, we take l = k, N = 2 hence (111.25) and (111.26) follow 
from (111.30) and (111.29) with n = 5. Finally when i/ = 2fc + 1, fc G N, we take I = k, N = 3 hence 
(111.27) and (111.28) follow from (111.30) and (111.29) with n = 6. 

Q.E.D. 

IV. Norm aliz able solutions in Brane Cosmology 

In brane cosmology, the Minkowski space-time Rt x R^ is considered as a brane that is the 
boundary R t x R^ x {z = 1} of a part 23 of AdS 5 called the bulk. The choice of the bulk depends 
on the tension of this brane (see [19]). The RS2 Randall- Sundrum model that we have investigated 
in [5], deals with the Minkowski brane with a positive tension associated to the bulk B = R< x 
R^x] 1,00(2. In this part we consider the case of the Minkowski brane with a negative tension. In 
this case B = R< x R^x]0, l[ z and we have to study the Klein-Gordon equation 

(IV.l) (dt -A x -d 2 + -^$ = 0, (i,x,z)£lxR 3 x]0,l[. 

The boundary condition on the brane is associated to the Z 2 symmetry (see [19] and the Appendix) 
that yields to the Neumann condition on the fields. With the change of unknown, we finally impose 
the Robin condition : 

3 

(IV.2) 8*$(t,x,l) + -$(t,x,l) = 0, iGR, xGR 3 . 

Associated to these constraints, there exists a formally conserved energy 

(IV.3) £7i($,t):=/ I* I V tlX ,*$(t,x,z) | 2 +4 I Ht,x,z) \ 2 d*dz + l [ $(t,x,l)rfx. 

To solve the mixed problem in a suitable functional framework, since H 1 (R x x]0, 1[ 2 ) is a subspace 
of C° ([0, l] z ; 2 (R 3 )) , we can introduce the space 

(IV.4) ^-{^^(r^O,^); 0(x,O)=o}, 

and we put 

(IV.5) IHI 2 ^ := / /' I V t , x ,^(x, z) | 2 +4 I <f>(t, x, z) | 2 dxdz + \( 0(x, l)dx. 

Thanks to the Hardy inequality (II. 6), and the continuity of the trace on z = 1, ||.||wi is a norm 
on W l when \i > — \, that is equivalent to the usual i7 1 -norm. Since W 1 is a closed subspace of 
H l (R x x]0, l[ z ), we can see that W l endowed with the norm ||.||wi is a Hilbert space. We need to 
use also the space 

(IV.6) W 2 :=^>€W 1 ; A x , 2 - ±<j> G L 2 (r^ x]0, 1[ z ) , ^(x, 1) + ^(x, 1) = o| . 

This definition makes sense since if G W 2 , then cj) G H l (R x x]0, 1[ 2 ) and A x>2 G L 2 (R x x]a, 1[ 2 ) 
for all a G]0, 1[. As a consequence, (j) satisfies d z (f> G C° ([a, 1] Z ;H~2 (R x )) hence the boundary 
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condition on the brane z = 1 is well defined. Moreover, W 2 is a Hilbert space for the norm 
(IV.7) \\<f>\\ 2 w2 := U\\ 2 m + ||A X ,^- i^||2 a . 

When 6 but A X) ^0 ^ L 2 , the trace d z (p(x, 1) does not exist. In order to the boundary condition 
(IV. 2) makes sense, we introduce the space of the VF 2 -valued distributions on E t , V(M. t ', W 2 ), that 
is the set of the linear continuous maps from Co°(Rt) to W 2 . We say that the boundary condition 
(IV.2) is satisfied by $ when $ G V'(R t ; W 2 ). 

Theorem IV. 1. Given <£ G W 1 , <E>i G L 2 (M^x]0, 1[ 2 ), there exists a unique solution $ of (IV. 1) 
satisfying 

(IV.8) <I> G D'(R t ; W 2 ) n C° W 1 ) n C 1 (lR t ;L 2 (r£x]0,1[*)) , 

(IV.9) $(0,x,z) = $ (x,z), 0*$(O,x,*) = $i(x,z), (x, z) G R 3 x]0, 1[. 

Moreover the energy of <I> is conserved : 

(IV.IO) Vt G K, Ei($,t) = ^i($,0). 

W/ien $ G W^ 2 $i G I^ 1 , then 

(IV.ll) $ G C° (R t ; VF 2 ) n C 1 (R t ; VF 1 ) n C 2 (R t ; L 2 (l^x]0, l[ z )) . 

Proof of Theorem IV. 1. Since /j, is a real number, it is sufficient to consider just the real valued 
solutions, hence, in this proof, we suppose that all the functions in I? are real valued and all the 
spaces are real Hilbert spaces. We introduce the operator on W 1 x L 2 (M^.x]0, l[ z ), given by 

A:=( Ax + ^2_, I), Do m (A) = W 2 xW\ 

We prove that A and —A are maximal monotone operators. Given u G W 2 , u G W 1 , we get with 
the Green formula 



3 /■ 

= - / f (x, 1)m(x, 1) — u(x, l)u (x, l)dx 
2 Jk.3 



= 0. 

On the other hand, given / G W 1 , g G L 2 , (u±,v±) G W 2 x VF 1 is solution of 

{A±Id)( U± ^ - ( f 

iff 



^± / V 9 



u±£W 2 , v = fTu±, A x , z u± - ^ + lj u± = g T /■ 

This partial differential equation is easily solved by a variational method. We introduce the bilinear 
form 

a(u,u) := / / Vv Z w. Vx.z'u' + ( -^r + 1 ) uu'dxdz + - / u(x, l)u'(x, l)dx. 
JM.3 J \z z J 2 Jm.3 

Since a(., .) is continuous and coercive on W 1 , the Lax-Milgram theorem implies there exists u± G 
W 1 such that 



Vu' G W 1 , a(u±,u')=[ ( 5 T/K(x,l)dx. 

JR 3 
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Taking v! any test function, we deduce that A XjZ u± — (jp + u± = g^f /, and so A XiZ u± — J £iU± G 
I? . Then the Green formula gives for all u' G W l 

a(u±,u) = J^ 3 J o (a X)Z u± - (j^ + 1^ u±^j u'dxdz + (d z u±(x, 1) + ^u±(x, l/j u'(x, l)dx. 

We deduce that <9 2 u±(x, 1) + |u±(x, 1) = and u± G VF 2 . We conclude that ±A is a densely 
defined maximal monotone operator on W l x L 2 , hence the Hille-Yoshida-Phillips theorem assures 
the existence of a unitary group e tA on W 1 x L 2 , so that $ defined by 

satisfies (IV.l), (IV.ll), (IV.9) and (IV.10) when ($ ,$i) G W 2 x W 1 . When ($ ,$i) £ W 1 x L 2 , 
we have to show that G £>'(]Rt; IF 2 ). We pick a sequence (<^q , <J>") G IF 2 x IF 1 that tends to 

^ n J := e M I $ ° J tends to in C° (R t ; IF 1 ) n 

C 1 (M<;L 2 (M^x]0, 1[ 2 )). Thus given G C$°{R t ), we have 

J 6{t)<S> r \t)dt -»• y 6{t)<S>{t)dt in W 1 . 

Moreover we have 

A x , z - £j j e{t)$ n {t)dt = J 6"{t)<5> n {t)dt -> y 9"{t)<S>{t)dt in L 2 . 

We conclude that / 6(t)$ n (t)dt is a Cauchy sequence in IF 2 and ^ J 0{t)$(t)dt is a IF 2 -valued 
distribution on R t . 

To achieve the proof of the theorem and to establish the uniqueness, we show that any $ solution 
of (IV.l) and (IV.8), satisfies also (IV.10). We take 6 G Cg°(R), < 0, j*0(t)cft = 1, and we put 
$ n (t) :=nj 9(ns)$(t + s)ds. <£ n is a solution of (IV.l) and belongs to C°°(M. t ; W 2 ). Then we can 
multiply the PDE by d t <Z> n and integrate on M.^ x]0, 1[ 2 to obtain that Ei($ n , t) = Ei($ n , 0). Since 
$ n tends to $ in C° (R t ; IF 1 ) n C 1 (M t ; L 2 (M^x]0, l[ z )) as n -> oo, we conclude that #i($, t) = 

/vi(<M). 

Q.E.D. 

Following C.H. Wilcox [29], the fields satisfying (IV.8) (respect. (IV.ll)), are called finite energy 
solutions (respect, strict finite energy solutions). They belong to a larger class of solutions, the 
so-called normalizable solutions that are the fields that are square integrable in space at each time. 
When the coefficients are smooth up to the boundary, these weak solutions have been studied by 
Vishik and Ladyzhenskaya [27] and in an abstract setting that allows a time dependence of the 
coefficients by J-L Lions (chapter 3 of [18]). To define the space of the initial velocity, we introduce 
the space IF -1 defined as the dual space of IF 1 , endowed with its canonical norm. We warn that the 
elements of this space are not distributions since Qf^IRxXjO, 1[ z ) is not dense in W 1 ; nevertheless 
since W 1 is dense in L 2 (M^x]0, l[ z ), this space can be identified with a subspace of IF -1 . 



Theorem IV.2. Given <E> G L 2 (R x x}0, l[ z ), $1 G W 1 , there exists a unique solution $ of 
(IV.l), (IV.9) satisfying 

(IV.12) $ G V'{R t ;W 2 )nC° (r<;L 2 (r£x]0,1[*)) n C 1 (iR^F/- 1 ) . 

Furthermore <E> satisfies for all t G M : 

(IV.13) IIW)!!^ + Il*(*)lli2 = ||<M^-i + ll^o||| 2 . 
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Proof of Theorem IV. 2. We consider the densely defined operator L on I? (R^xJO, l[ z ) defined 

by 

(IV.14) L:=-A x -d 2 + ^, Dom(L) = W 2 . 

L is symmetric and thanks to the Hardy estimate we have 
(IV.15) V + \<L. 

Moreover we have shown in the proof of the previous theorem that L + 1 is an isomorphism from 
W 2 onto L 2 . Therefore L is selfadjoint on L 2 , Dom(L2) = W 1 and can be uniquely extended 
in an isometry, again denoted L~z, from W^ 1 onto L 2 . Then $ given by 

(IV.16) $(t) := cos (tL^ $ + sin (tL^ 

belongs to C° (R t ; L 2 (R x x]0, l[ z )) n C 1 (R t ; and satisfies (IV. 1), (IV.9) and (IV.13). To 

prove that this function belongs to V'(R t ;W 2 ), we proceed like above. We pick a sequence 
G IU 2 x that tends to ($ , $i) in L 2 x as n -> oo. Then $ n (i) := cos (tli) $™ + 
sin(izi) ZT5$y tends to $ in C°(R t ;L 2 ). Thus given G Cg°(R t ), f 9{t)<f> n (t)dt tends to 

/ 9(t)$(t)dt in L 2 Moreover we have L f 0{t)<S> n (t)dt = J 9"(t)<Z> n (t)dt -> / 9"(t)<Z>(t)dt in L 2 . We 
conclude that / 9(t)<& n (t)dt is a Cauchy sequence in VF 2 and h-> / 9(t)<&(t)dt is a IU 2 -valued distri- 
bution on R t . To establish the uniqueness, we show that any $ solution of (IV. 1) and (IV. 12), satis- 
fies also (IV.13). We take d G Cg°(R), < 9,j9(t)dt = 1, and we put $ n (i) := n/ 0(ns)$(t + s)ds. 
$ n is a solution of (IV. 1) and belongs to C°°(R t ; IU 2 ). Then we can multiply the PDE by L~ l d t ^ n 
and integrate on R x x]0, l[ z to obtain that Wdt^it)^^ + ||^ n (t)||| 2 = ||$i||^-i + ll^ollia- Since 
<3? n tends to <& in C° (R t ; L 2 ) n C 1 (R t ; W~ 1 ) as n — » oo, we get (IV.13). 

Q.E.D. 

Now we express the fields as an expansion of massive Klein-Gordon fields propagating in the 
Minkowski space-time, the so called Kaluza-Klein tower. Unlike the case of the positive-tension 
brane investigated in [5], for which there exists a continuum of modes, the mass of the modes for 
the negative-tension brane is quantized and there is no massless gravito. This fact is due to the 
boundedness of the depth since z G]0, 1[ instead of z g]1, oof. 

Theorem IV. 3. There exists a sequence {\ n )n&i c]0, oo[ with linin^oo A ra = oo, and a Hilbert 
basis o/L 2 (0, 1), (u n ) ngN C fl^QO, 1[) n C°°(]0, 1]) with ujO) = 0, u' n (l) + §u n (l) = 0, such that 
for any $ G L 2 (R^ x]0, l[ z ), $i G W' 1 , the normalizable solution $ of (IV. 1), (IV.9), (IV. 12) 
can be written as 

oo 

(IV.17) $(t, X, Z) = <t>n{t, *K(*) 



where <p n G C°(R t ; L 2 (R^)) n C^Rj; i? _1 (R^)) is solution of the Klein-Gordon equation 
(IV. 18) d 2 4> n - A x n + A 2 n = 0, 

and the limit (IV.17) holds in C° (R t ; L 2 (R x x]0, 1[ 2 )) n C 1 (R t ; W^ 1 ) . Moreover we have 

oo 

(IV. 19) ||<Mi 2 + ||<&i||^-i = E ll^(i)||| 2 + ik-a x + \ 2 n r l 2d t Ut)\\h- 

o 

WTten $ is a finite energy solution, then (f> n G (7 (R t ; i? x (R x )) n C^Rt; L 2 (R X )), toe Hmff (IV.17) 
holds in C° (RuW 1 ) n C 1 (R t ; L 2 (R^ x]0, l[ z )) ; and we have 

oo 

(iv.2o) ii^oii^i + = E iiv t ,x^(i)ii! 2 + xiwumh- 
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The sequences X n and u n are explicitly given by the formulas (IV.22) and (IV.23) below. In 
particular, in the case of the gravitational fluctuations for which ji = ^, A n is the set of the strictly 

positive zeros of the Bessel function J\(x) and u n (z) = \/2z J j^" z ^ . 

First we develop the spectral analysis of the one-dimensional operator 
(IV.21) 

h := -^2+^, Dom(h) := |n G H\}0, 1[); -u" + J,u G L 2 (]0, 1[), u(0) = 0, + = o| 

Lemma IV. 4. For a// ^ > — j, h is a strictly positive selfadjoint operator on L 2 (]0, 1[) with a 
compact resolvent. Its spectrum is formed by the sequence of simple eigenvalues (A 2 ) ngN defined by 



(IV.22) A n >0, J A _ 1 (A n ) = 0, A:= \J\ + V, 

associated with the L 2 -normalized eigenf unctions 



(IV.23) u n (z) := C n y/XnzJ x (\nz), C n :-- 



2A T , 



(4 + \i-v)jZ(\ n y 



Proof of Lemma IV. 4- We introduce the set 

fffo)(]<UD : = {«€^ 1 (]0,1D; n(0) = 0} 

that is a Hilbert space for the norm || u ||#i :=|| u' \\l2 which is equivalent to the usual H 1 norm 
since when u(0) = we have 

f 1 u 2 (z)dz < f 1 \u 2 (z)dz < 4 f 1 | u(z) \ 2 dz 
Jo Jo z A Jo 

For any u G Dom(h), v G H^QO, 1[), an integration by part gives 



3 f 1 n 

< hu, v >l 2= q(u, v) := -u(l)v (1) + / u'(z)v'{z) H — =u(z)v(z)dz. 

2 Jo z z 



Since the Hardy inequality shows that 

q{u, u) > max + j -^\u(z)\ 2 dz, min(l, 1 + 4/x) J \ u'(z) \ 2 dz^j , 

we can see that h is a symmetric and strictly positive operator on L 2 (0, 1). Given / G L 2 (0, 1), 
u± G Dom(h) is solution of hu± ± iu± if and only if for all v G H^(]0, 1[) we have a±(u±, f) := 
?(m±,u) ± z < > L 2 = < f,v >l2. The previous inequalities imply that a± is continuous and 

coercive on H} \ hence the Lax-Milgram lemma assures that u± exists, and we conclude that h is a 

selfadjoint operator on L 2 (0, 1), with a compact resolvent by the compact embedding i^ 1 (]0, 1[) CC 
L 2 (0, 1). According to the Hilbert-Schmidt theorem, there exists a Hilbert basis of L 2 formed by 
eigenfunctions (u„) ngN associated to a sequence of eigenvalues A 2 > 0. The solutions of — -u" + 
-^u n = \\u n are given by 

u n (z) = \pK~z [a n J\{\ n z) + (3 n Y\(\ n z)} , A := + i, or n , /3 n G C. 



wc 



From the asympotics , J\(x) ~ x , ^(x) ~ x , ./^(x) ~ x 1 , V^(x) ~ x 1 as x — > + , 
deduce that /3 ra = when u n G i?^(]0, 1[). To calculate the constant of normalization, we use the 
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formula (11.4.5) of [1] with a = 2 and b = 1 to get 

f 1 X n zJ 2 (X n z)dz = JL(4 + A 2 - A 2 )J 2 (A„). 
JO 2A n 

Finally the condition at z = 1 implies 2J A (A n ) + A n J A (A ra ) = that is equivalent to (IV.22). In 
particular J\(\ n ) / and C n is well defined. 

Q.E.D. 

Proof of Theorem IV. 3. We use the Hilbert basis (u n ) ngN of the previous Lemma. Given 
$£C° (M t ; L 2 (M 3 x]0, 1[ 2 )) we have for all / G R and almost all x G M 3 , 

AT .i 

$(t,x,z)= lim V n (i,x)u n (z) in L 2 (]0, l[ z , cb) , (f) n (t,x) := / x, z)u n {z)dz. 
The Fubini theorem implies 

oo 

(IV-24) || .) ||l 2(M 3 x]0ilU) = ]T || ^(t, .) 111,^3), 

n=0 

and also that 

|| 4>n(t, •) - (f>n{s, •) ||l2(R3)<|| $(t, •) - .) || L 2 (Ml x]0,l[ z ) 

hence <?!>„ G C° (R t ; L 2 (M 3 ))). Moreover 

N . N 

II $(*,•) " Mt,-)Un I||2 (M 3 X]0)1U) = / || $(t,X,.) - ^ </> n (t,x)u n (.) ||l2 (]0j i U ) dx, 
n=0 JR n=0 

and since || $(t,x, .) - Yln=o <M*, x)u n (z) \\ 2 L 2q q ^< 4 || $(t,x, .) 1 1 ^,2 (] ,x [^) ' we decm ce from the 
dominated convergence theorem that 



Q(t,x,z) = lim r^(t,xK(«) ^ L 2 (lR 3 x]0,l[ z ) 

?1=0 

and this limit is uniform on the compacts of L 2 (M 3 x]0, l[ z ). We conclude that for any <E> G 
C° (R t ; L 2 (M 3 x]0, 1[ 2 )) we have 



AT 

(IV.25) *(t,x,2)= jv lim o 2^ n (t,x)u n (z) in C° (M t ; L 2 (m 3 x]0, l[ z )) . 



n=0 



We can extend L into an isometry L from VF 1 onto W 1 . Given ip, ip G Cq (IR 3 ) and u n , u p , we 
have 



(9? ®n„;^® u p ) w -i = (L 1 (g> it n ] ; L 1 (8) "p])^ = 1 [v 3 ® w n] 5 ^ ® u P ) . 
Since we can check that L A x + A 2 ] 1 9? ® = <£><£) u n , we deduce that 

iu n ;i)<3 u p ) w - 1 = ( -A x + A 2 9? <g> u n ; ip ® u p 



L 2 (R|x]0,lU) 



2 



-A x + A 2 



-A x + A 

where 5 n:P is the symbol of Kronecker. We deduce that 

00 _ 1 

II *(*,-) ll 2 ^-i=EH [-A x + A 2 ]" 5 n (t,.) ||| 2 . 



n=0 
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As a consequence of the density of L 2 in W -1 , given 3>' G W -1 , the map 

# X (R X ) M- <$'; ^ ® u n ) w _ l wl 
is a well defined distribution of H' 1 (M.^) and 

AT 

$' = lim E <^ (g) u n in W~ l , 

n=0 



^ 2 rh' II 2 
(Pn \\l 2 ■ 



(IV.26) II ^ ll^-i= E II [" A x + ^" 

ra=0 

More generally, for any <J>' G C° (R^; W^ 1 ) we have 

(IV.27) ¥>> H _i iH i := <*'(*);¥> ® «n)wr-i, W i G C° 

hence < G C° (R t ; F" 1 (R^)), and 

N 

(IV.28) *'(*)= lim y<Pn(t)®u n in C° (r^W' 1 ) . 



n=0 

Similarly we have 

(if ®u n ;4)® u p ) wl = (L [ip u n ] ; ip ® u p ) L2 = (V x ^; V x ip) L 2 5? + \ 2 n (<p; i/j) L 2 6%, 
hence when $ £ C° (R t ; W 1 ) we have 

AT 

(IV.29) *(t,x,z)= lim V0„(t,xK(z) in C° (r^W 1 ) , 

TV— >oo — ' V / 

n=0 



(IV.30) ||*(*)llw" = E ||V x 0„(t)||| 2 + \ 2 JMt)\\h- 



o 



Now we consider a normalizable solution To prove that <f> n defined as above is solution of the 
Klein-Gordon equation on the Minkowski space-time with the mass A 2 , we take x £ Co° 0^ : 
and € Cq° (]0, 1[ z ), and we write : 



(IV.31) 



= ((d 2 -A x -3 2 + ^)<I>;x® 
= ($;(d 2 - A x )x®Hx® (-^ + $)^ 

oo i , 

= E " A *) x) L2 + (0n;x) L 2 -9 2 + 

n=0 ^ ^ 

oo 

= E - Ax< ^« + A ^«; *)_, t, u ™)^ 2 > 

n=0 

and we conclude that <f> n is solution of the Klein-Gordon equation (IV. 18). Now the expansion 
(IV. 17) is a consequence of (IV.25) and (IV.28). (IV.24) and (IV.26) imply the conservation law 
(IV. 19). When $ is a finite energy solution, (IV.29) and (IV.25) assure the convergence of (IV. 17) 
in C° (R t ; W l )f\C l (R t ; L 2 (M^ x ]o, \[ z )) ) and the expansion of the energy (IV.20) is given by (IV.24) 
and (IV.30). 

Q.E.D. 
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We end this part by a result of uniform decay that is a very modest step toward the much more 
difficult study of the non-linear stability of the brane. By the way, the L 2 — L°° estimates are 
very useful to the analysis of non-linear problems. We shall use a dyadic partition of the unity 
X P e C£°([0,oo[) satisfying 

oo 

X P = 1, suppxo C [0, 2[, 1 < p =}► supp Xp C [2P- 1 , 2P+ 1 ]. 

p=0 

Given an integer k > 0, and two integer-valued functions k', k" defined on N 3 , we introduce the 
functional space 

@(k, k', k") := {<D G L 2 (R 3 x]0, 1[ z ) ; | a |< fc^ ^ e Dom (^(^"W)) , || $ || e(fc)fc , )fcB) < 
where L is the operator defined by (IV. 14). On this space we define the norm : 

3 / „ \ k'(a) 

II $ ||e(fc,fc',fc") := S II ( 1+ I x D' 9 x + $IIl2(r3 x]0 ,i[ z ) 



|a|<fc 



+ E £IM|X|)(1+|X|)^ (-^ + 4) <&llL 2 (R3x]0,l[ 



|a|<fcp=0 

Theorem IV.5. T/iere existe C > suc/t taai /or a// $ G @(3, fc', and $i G 6(2, k' , k'{), the 
finite energy solution <!> satisfies the following estimates : 



(IV.32) 
with 

(IV.33) 

and 
(IV.34) 
with 
(IV.35) 



$(t,X,z) \< C{\ t | + | X |) 2Z A+ 5 (H $ 110(3,*',^') + II $1 llG(2,fc',fci')) ' 
A + l 



k'{a) 



+ 1, fc"(a) 



2A + 5 - 2 | a | -2j 



+ 1, A = \/ ^ + - 



$(t,x,*) |< C(| 1 1 + | x |) 2 (j| $ ||e(3,fc',fcj') + II *i ||e(2,fc',fc»)) ' 



k'{a) = 1, fc"(a) 



2- | a | -j 



+ 1. 



Proof of Theorem IV.5. In a first time, we assume that $j £ C°° (IR 3 ; -^ 2 ]0, 1[ 2 ) and for all 
x G R 3 , the maps z ^ 3£$j(x,z) belong to Dom (h max(fe ' (Q) '^' (a)) ) . We estimate $(t,x,z) by 
using the expansion (IV. 17) : 

oo 

I $(*,X,z) |< £ | 0„(t,x) || U n (z) | . 
n=0 

To control u n (z) we need the asymptotics for the Bessel function and its zeros ([22] p. 238, p. 247) : 




therefore C n ~ and since J\(x) ~ x A as x — > 0, we deduce that there exists C independent of 
n such that 

I U n {z) \< Cz X+ hn + ^ 2 . 
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We get : 



A+i 



n=0 



We estimate the Klein-Gordon fields by the Lemma 4.3 of [5] that yields to : 
|<Mi,x)|<C(l+M + |x|)-§ E 11(1+ I y D^^ll^) 

\a\+j<3 

(IV.36) oo 3 _ 

+ c(|t| + |x|)-i E llxp(lyl)(i+lyl) 5 WllL»cR») 

\a\+j<3p=0 

where the initial data are given by 

0n( x ) : = / &j(x,z)Un(z)dz. 

Jo 

Since for all x£l 3 the maps z >->■ d£&j(x, z) belong to Dom (h k ^j for some k, we have : 

#(x) := \~ 2k ^-d z + ^j k ^(x,z)Mz^dz. 

Since u n is a Hilbert basis of L 2 (]0, l[ z ) we can write 

|| (1+ | y D^^ll^) < A- 2 ^ n (a,i,fc), 

J2A 2 n (a,j,k) <|| (1+ | y |)*W_0, + ii ^||| 2(R 3 x]0ilW , 

n=0 V Z ^ 

II X P (I y l)(l+ I y l) f WIU»(R3) < A- 2fc B n (a,j,fc,p), 
E Bl(a,j,k,p) <\\ Xp (\ y |)(l+ | y + £ ^||l 2(R 3 x]0ilW . 



n=0 



Now we apply the Cauchy-Schwartz inequality and we estimate $ as follows : 



|$(t,X,z)|<C(|t| + |x|)-3* 



A+i 



E E^ A+1 " 4fc 

M+j<3 Vn=0 / 



(1+ | y 1)% (-0* + |r) ^'IIl2(r3 x ]o,iU) 



+ E E(E Ar 4 - 2|a| " 2j - 4fc ) 2 II x P (\ y l)(i+ I y l)% (-», + $) K ^IIl 2(K 3 



x]0,l[ z 



| Q |+j<3p=0 \n=0 

where the integers depend on a and j. To be sure the series are convergent, it is sufficient to 



A+l 
2 



+ 1 in the first sum and k 



2A+5-2|q|-2j 
4 



+ 1 in the second one, so we get (IV. 32) 



take k 

with (IV.33). 

By the same way, since y/xJ\(x) G L°°(]0, oof), we have sup„ || u n ||l°°(]o,i[)< 00 and 



| Ht,x, z ) |<cE I <M*,x) I • 



As previous we obtain 
| $(t,x,z) I < C{\ t | + | x 



E I E A n 

M+j<3 \n=0 



n=0 



l 

oo \ 2 

4fc I 



(i+ I y|)*<S + *illL>cR|x]o,i[ 
+ E f: (f: Ar 2 '"'- 2 ^ 4fc ) 2 || x.(l y l)(i+ I y 1)^" (-9, + ^IU 2 ( K 3x]o, 



]o,iU) 



\a\+j<3P=0 \n=0 
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+ 1 in the second one, that yields to (IV. 34) 



and we choose k = 1 in the first sum and k 
with (IV.35). 

To achieve the proof of the theorem, we use a procedure of regularization by taking a sequence 
n C (M 3 ), satisfying < n , | x |> ± =► n (x) = 0, / 6» n (x)dx = 1, and given $ G 9(ife, fc', fc"), 
we put $ n (x, z) := / $(x - y, z)6> n (y)cfy. It is clear that <!>„ G C°° (R 3 ; L 2 ]0, and since d% $ G 
Dom (L max ( fc '( a )' fc "( a ))), we have $ n G C°° (R 3 ; Dom (Lsu P (fc',fc")j) . That implies that for all 
x G R 3 and all a G N 3 , the maps z ^ 0£$ n (x,z) belong to Dom (\i™< k 'i a )> k "( a ))^ To end the 
proof, we show that <3? n belongs to in @(k,k',k") and tends to as n — > oo. This a straight 
consequence of the following properties that are easy to be proved. If (1+ | x |)5/ g L 2 (R 3 ) we 
have 

(i+ | x |)l |/ * e n \ < c [(i+ | x |)l | / 1] * e n g l 2 (r 3 ) , 

II (i+ | x |)l (f*e n -f) || L2 < c || [(i+ | x |)l/] * e n - (i+ | x |)l/ || i2 +o (±) o, 

i 

|| x p (x)(l+ | x |)l [/ * 9 n ] \\ L2 < C ]T II Xp+i(x)(l+ I x I) 1 / IU 

j'=-i 

and if II X P (x)(l+ | x |)§/ || L 2< oo, then II X P (x)(l+ | x |)§ [f * n ] \\ L 2< oo and 

0. 



£lUp(x)(l+|x|)5(/*0 n -/) || i2? 
p=0 



Q.E.D. 



V. Appendix 

The Anti-de-Sitter space in 4 + 1 dimensions of constant curvature — A; < can be represented 
as the quadric 

4 -, 



x 2 + x 2 -J2xf = 



1=1 



embedded in the 4+2 dimensional flat space R^ with metric 

4 

ds 2 = dXl + dXl -J2 X i- 

i=i 

This metric is a maximally symmetric solution without singularity, of the Einstein equations in the 
vacuum, with the negative cosmological constant —k < 0, moreover this solution is unique, for the 
given topology, according to the Birkhoff theorem. 

We can describe this manifold with a unique chart by using the so-called global coordinates 
r, p, defined by the relations 

4 



Xq = i sec p cos r, X5 = \ sec p sin r, Xi = -J- tan pQi, i = l,..,4, y^f2 2 = l. 

I/' £" • ^ 

IX rv rv ^ 

1=1 



k 



k 



Then the metric has the form 



ds 2 = 



(fccos p) 2 



7T , 



dr - dp - (sin p) dVt si , tG[-7t,7t], p € [0, -[, f! £ 5' 



Here, the points at r = 7r and r = — 7r have to be identified therefore this universe is totally 
vicious as regards the causality, and we prefer to work with r G R that corresponds to the universal 
covering CAdS b . Whatever choice for r, there is a time-like boundary at p = |, the "horizon". 
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In the coordinates, the d'Alembertian 



is expressed as : 



□ s = (kcosp) 2 d 2 T -d 2 p - 



cos p sin p 



3 




A 5 3 



To cancel the first derivative with respect to p we make a change of unknown and the Klein-Gordon 
equation becomes : 



Following [15], formulae (56), (79), (90), the vector type electromagnetic fields and the vector type 
gravitational fluctuations obey to this equation with A = —3, and the tensor type gravitational 
fluctuations are solutions with A = 0. 

The Poincare patch V is the domain Xq > X4 of the Anti-de Sitter space. We introduce the 
Poincare coordinates t, x, z defined by : 




+ 




3 f + A 1 




1 



t = kzX 5 , x l = kzXi, i = 1, 2, 3. 



z = 



k 2 (X -X 4 ) 



Then the Poincare chart V of AdS 5 is simply 



V := M t x R£x]0,oo[ 



endowed with the conformally flat metric 




Its time-like horizon z = is a part of the global boundary p = | (see [7] for a complete description) . 
The 4-dimensional Minkowski brane with a negative (resp. positive) tension is the boundary z = 1 
of the bulk £>_ given by < z < 1 (resp. B + given by 1 < z). 



The Klein-Gordon equation in Anti-de Sitter Cosmology 



27 



r = 7r 



t=l<M 

II 

o 

II 



r = — 7T 

Conformal Penrose diagram of AdS 5 . V is the white domain. 
The gray zone is the copy of the Poincare chart defined by Xq < X4. 

With these nice coordinates, the Klein-Gordon equation is writen as 
D g + Xk 2 

that we transform to get the free wave equation on a half 5-dimensional Minkowski space-time, 
pertubed by a singular potential fiz~ 2 : 

Ug + Xk 2 

With Z2 orbifold symmetry imposed across the brane, the boundary condition for u is Neumann 
on the brane, d z u = 0, hence for $ =: z~zu, this constraint becomes of Robin type : 

0*$(t,x,l) + |$(t,x,l) = O. 
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